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Methods for the design and tuning of multivariable model state feedback (MMSF)
systems for complete and triangular output decoupling of inherently stable processes are
presented. MMSF is a method of implementing multivariable IMC controllers that sub-
stantially reduces the complexity of the implementation and compensates for control
effort saturation. Complexity is reduced because the controls are formed as a linear
combination of past and current model states. Saturation-induced directionality prob-
lems are avoided by temporarily increasing filter time constants to bring the control
vector into the constraint set. The possibility that needed future controls will be inade-
quate to compensate for past control actions is avoided by setting minimum values for
the controller filter time constants. The feedback structure of MMSF facilitates on-line
tuning, one process variable at a time. Also, because MMSF is a form of IMC, it can be
tuned off-line to accommodate process uncertainty using H,, methods.

Introduction

Multivariable model state feedback (MMSF) provides a
practical way of implementing multivariable internal model
control (IMC) systems. This work is the extension to the mul-
tivariable case of the single-variable model state feedback al-
gorithm of Coulibaly et al. (1995). Zheng et al. (1993) suggest
a modified IMC structure as an antiwindup design. Their
structure includes the MMSF structure as a special case.
However, unlike the current work, they give no guidance on
how to choose the elements within their general structure.

As with standard IMC control systems, the control struc-
ture used for MMSF in this article is limited to the control of
inherently stable multivariable systems. Extension to unstable
processes requires modification of the IMC structure so that
it becomes internally stable even for unstable processes. One
way to accomplish such a modification is to force the process
model outputs to track the measured process outputs in a
manner similar to that proposed by Berber and Brosilow
(1999) for single-input, single-output systems. Such a modifi-
cation still allows use of the model state-feedback methods
developed in this article. Another limitation of the current
article is that it addresses only single-degree-of-freedom con-
trol systems. That is, disturbances are assumed to enter di-
rectly into the process output rather than through part of the
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process. This limitation can be overcome using the approach
of Dong and Brosilow (1997) for two-degree-of-freedom con-
trol systems.

When implemented within a multivariable cascade (Boyce,
1996) MMSF has the potential to compete favorably with
current model predictive control (MPC) technologies such as
DMC (Cutler and Ramaker, 1979). The potential advantages
of MMSF over MPC methods are (1) the relative ease of de-
sign for totally decoupled control; (2) the simplicity of its im-
plementation, (3) its flexibility with regard to specifying con-
trol system behavior when controls saturate, or are lost by,
equipment malfunction or by being placed into manual oper-
ation; and (4) its ability to be tuned either “on-line,” one pro-
cess variable at a time, or “off-line’”” using model uncertainty
descriptions and H,, methods (Stryczek and Brosilow, 1996;
Zhou and Doyle, 1998). The latter property comes directly
from the fact that MMSF is a form of IMC.

In MMSF the IMC control efforts are formed as a linear
combination of past and present model states. For this rea-
son, the on-line computational expense is potentially orders
of magnitude less than that of MPC algorithms that use on-
line optimization to compute the control efforts. This prop-
erty of MMSF should allow a single MMSF algorithm to con-
trol all the units of integrated processes such as an ethylene
process (Emoto et al., 1995), even when the units have widely
varying time constants, thereby achieving substantial gains in
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operating efficiency. Flexibility of operation can be main-
tained while controlling many units because of MMSF’s abil-
ity to allow both controls and outputs to be conveniently
switched between automatic and manual operation.

Off-line computations for MMSF are also quite modest.
Unlike multivariable lead—lag implementations of IMC,
MMSF does not require the explicit inversion of the multi-
variable process model, even though MMSF gives exactly the
same control efforts as the lead-lag implementation of the
IMC controller in the absence of control effort saturation.
For processes with more than three controls and process
variables, inversion of the process model is a very difficult
task, and the resulting controller, if obtainable, can be very
complex.

An important feature of MMSF is that its performance is
excellent even when the control effort saturates. On the other
hand, the performance of lead—-lag IMC control systems can
be, and often is, extremely poor when controls saturate
(Campo and Morari, 1990; Coulibaly et al., 1995; Zheng and
Kothare, 1993). There are two reasons for the poor perfor-
mance of saturating lead—lag IMC controllers: (1) simply
chopping the control efforts at their saturation values does
not generally yield a valid IMC control vector, and this can
lead to very large overshoots or produce needlessly sluggish
responses; and (2) in lead—lag IMC controllers, the control
effort is based only on the setpoint and the disturbance esti-
mate, and thereby ignores the fact that the applied control
effort may not have been the computed control effort. A valid
IMC control vector is one that can be obtained from an IMC
controller and that lies within the constraint set. As we shall
demonstrate, it is a relatively simple task to temporarily ad-
just the MMSF filter time constants on-line to bring the con-
trols within the constraint set. Further, the adjustment can be
carried out so as to give priority to the responses of the most
important process variables. The MMSF structure automati-
cally compensates for past control effort saturation, because
the model states from which the control effort is computed
always reflect the applied control.

While the MMSF structure automatically compensates for
past control effort saturation, it does not automatically com-
pensate for future control effort saturation. For control sys-
tems with small filter time constants relative to the process
time constants, failure to appropriately compensate for the
possibility of future control effort saturation can result in limit
cycles or highly oscillatory responses. Two ways of compen-
sating for future control effort saturation are (1) use an algo-
rithm that projects controls into the future, assuming that
disturbances remain constant such as in MPC (Muske and
Rawlings, 1993) or internal model predictive control (Couli-
baly et al., 1995); and (2) select the filter time constants large
enough so that future control effort saturation does not cause
problems. In this article, we use the latter approach and sug-
gest an algorithm for selecting lower bounds on all the filter
time constants to avoid saturation-induced oscillations. Expe-
rience with several examples indicates that the necessary
lower bounds on the filter time constant are not significantly
higher than the lower bounds that arise from the imposition
of reasonable limits on the controller noise amplification.

In addition to the methods presented herein, the model
state-feedback gains used to form the control efforts in MMSF
can also be obtained by setting up and solving an infinite
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horizon, unconstrained, linear quadratic regulator problem.
However, we do not recommend this approach, because it
loses some of the insights gained by the proposed approach,
and does not lend itself well to bringing computed control
efforts within the constraint set, as required to achieve good
process variable responses.

The last section of this article (the fifth section) discusses
how one moves controls between manual to automatic with-
out upsetting the behavior of the entire control system. In-
cluded in this discussion is a method for on-line tuning of a
MMSF system, one process variable at a time.

Examples are provided throughout the article to illustrate
the suggested methodologies. However, we provide no direct
comparisons with any of the various MPC algorithms, be-
cause valid comparisons are quite difficult to construct. Most
MPC algorithms rely on optimization of a scalar objective to
get good process variable responses in spite of control effort
constraints. For any fixed set of weights in the objective func-
tion, actual performance of the MPC algorithm will depend
on where the nominal operating point is within the constraint
set. Thus, a valid comparison has to compare performance
over the entire operating range, and not just for a single-step
setpoint change, at say, the midpoint of the operating range.
The criterion that one uses for the comparison is also prob-
lematic. If the objective function minimization in MPC is car-
ried out exactly (usually it's not), the MMSF can at best
achieve the same scalar objective. However, it has been rec-
ognized for almost 50 years that minimizing a scalar objective
can lead to very oscillatory, and unacceptable, process vari-
able responses unless sufficient weight is placed on penaliz-
ing large control efforts. Thus, the actual objective function is
usually somewhat arbitrary, and is chosen to achieve “good,”
rather than the minimum of a realistic cost functional. In
multivariable control systems, the situation is further compli-
cated by how much weight to put on whether responses to
setpoint changes are decoupled or not. Rather than get into
this morass we hope to convince the reader that MMSF com-
petes favorably with MPC, because it achieves smooth, rapid,
decoupled, responses to setpoint changes, without overshoots
(for perfect models) that appear to be about as fast as possi-
ble subject to the control effort constraints. This is accom-
plished with negligible on-line computational effort beyond
that required to simulate the model. Finally, the MMSF algo-
rithm lends itself well to either ad-hoc or H., tuning methods
(Stryczek and Brosilow, 1996) for imperfect (that is, uncer-
tain) process models.

Multivariable Model State Feedback

Multiinput, multioutput (MIMO) processes are usually
represented as matrices of transfer functions. Kailath (1980)
shows how to express such matrices as a product of two ma-
trices, N(s) and D~(s). Matrix D(s) has only polynominal
elements, while matrix N(s) has elements that are polynomi-
als in s and e~*. Since such matrix fraction descriptions play
a central role in extending MSF to multivariable systems, they
are reviewed below.

Matrix fraction descriptions

The right matrix fraction representation of the multivari-
able process G(s) is given as
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G(s) = Ng(s,e"*)Dg’(s). €y

Both Dg(s) and Ng(s,e~®) are matrices with each entry a
polynomial in s and e~*. The degree of the denominator ma-
trix, which is also the order of the state-space realization, is
defined as

Degree [ Dr(s)] = Degree{ Determinant[ Dg(s)]}. (2)

In the same way, one can define the left matrix fraction rep-
resentation of the process G(s) as

G(s) =D '(s)Ni(s,e7%). ®)

For the rest of the article, we will consider only right ma-
trix fraction representations of the processes and drop the
subscript on D(s) and N(s,e™®).

There is no unique matrix fraction for the given process.
Given any MFD, a number of other MFDs can be obtained
by choosing any nonsingular polynomial matrix W(s), and the
new numerator and denominator matrices are given as

N(s,e*)=N(s,e 5 )W(s)  D(s)=D(s)W(s), (4)

so that

G(s)=N(s,e 5)D (s). (5)

For the MSF implementation we choose a D(s) that will
give us a minimal realization in the time domain.

Model state-feedback law

Model state feedback is one of the ways to implement in-
ternal model control. Zheng et al. (1993) suggest a modified
IMC structure as an antiwindup design. Their structure in-
cludes the MSF structure of Figure 1 as a special case. How-
ever, they give no guidance on how to choose the various
matrix elements of Figure 1.

The model state-feedback control systems of Figure 1 uses
two elements, K, and K(s)D(s)~*, to form the IMC con-
troller. Elements K(s) and K, are computed so that in the
absence of saturation, this structure has exactly the same per-
formance as a lead—lag IMC controller. Therefore,

Quime(s) =G 1(5)F(s) = (1+ K(s)DX(s)) 'Ky, (6)

where G _(s) is an invertible part of the process and F(s) is
the IMC filter. Solving Eq. 6 for K(s), we get the feedback

IMC Controller, Qe

Figure 1. Model state feedback implementation of the
IMC control.
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matrix to be

K(s) = K,F1(s)G_(s)D(s)~ D(s)
= KpF ()G (s)N(s) = D(s), (7a)

where G, (s) is the portion of the model that is not to be
inverted by the IMC controller; that is, G(s) =G, (s)G_(9).

We choose K, as a matrix of constants such that the or-
der of polynomials in the matrix K(s) is at least one less than
the order of the polynomials in D(s). It is relatively easy to
show that Ky, is the same as Q,yc (), that is,

Ksp=={}ﬂ2 [F‘lG_(s)]}il. (7b)

Notice that there is no need to form the IMC controller, or
to invert G_(s) in order to form K(s). As we shall see, we
usually choose G (s) to be either diagonal or triangular, and
so it is relatively easy to invert.

Minimum phase processes

Minimum phase processes are invertible processes, and
hence we can design the controller by inverting the entire
process and adding the filter to make the controller realiz-
able and avoid excessive noise amplification. Consider the 2
X 2 process given by

Ky Kqo
T8 +1 TS +1
G(S) = Ky, Ko, (8)
T8 +1 TS +1

We propose the following criteria for choosing the particu-
lar matrix fraction:

1. The realization must be stable.

2. The implementation should be as simple as possible.

3. The number of states should be kept to a minimum.

4. The implementation must generalize to any order sys-
tem.

Based on these criteria we choose the following polynomial
matrix for D(s) when 7, # 7, ,, i=1,2

[when Ti 1 =T ,,1=1,2,then D(s)ischosenas

(t115+1) 0
0 (75,5+1)

(118 +1)(755+1) 0

D(S)z( 0 (712s+1)(7225+1))' ©)

This choice of D(s) is certainly stable and easy to implement
as two decoupled second-order differential equations. From
N(s) = G(s)D(s) we have

Kip(78+1)
Koy (T8 +1)

Kip(758+1)
Kpo(T128+1)

. (10)

N(S)=(
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Next we define the states as

x1(s)
x(s))
1
(t115+1)(755+1) 0 uy(s)
0 1 uy(s) )
(1125 +1)(75,5+1)
(11)

For the preceding definition of D(s) the state realization is
given as

—(tpt7 -1
. (T +72) 0 0
) 1 T11T21 T11T21
X1 _ 1 0 0 0
X —(1tpt7 -1
"2 0 0 (712 22)
Xz T12T22 T12T22
0 0 1 0
L 0
X, T11T21
X u
x| +] © 0 ( 1). (12)
Xo 1 u,
0
Xz T12T22
0 0

The next step is to find feedback matrix K(s) and Kq,
from Eq. 7:

KSPM K5P12 (€1$+1) 0
K(S):(K K )( 0 (5254—1))

SP21 SP22

( Kig(7218+1)  Kpp(725+1)

Ko(T118+1)  Kp(71,8+1)
(T8 +1)(755+1) 0
B ( 0 (1155 +1) (725 +1) ) (13)

Choose matrix K, such that the coefficient of the s? term
in each polynomial becomes zero. The matrix K, that satis-
fies this condition is

Keyp=HTE™!,
where
ku ke
H=| T (14)
= an = .
ka K 0 e
T21 T22
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Substituting K, from Eq. 14 into Eq. 13 gives a K(s) where
each element is a first-order polynomial. The controls, u(s),
are then a linear combination of states, as given by

u(s) = — K(s)x(s)+ Kgp(r — d). (15)
Finally, the model output is also a linear combination of
states, as given by N(s)x(s).

For a minimum phase nXx n matrix of transfer functions
whose denominators are polynomials we suggest forming D(s)
as a diagonal matrix of polynomials such that each diagonal
element, d;;, is the product of the denominators in column i.
Thus the degree of d;; is the sum of the degrees of all the
denominator terms in the ith column of G(s). Again, the ma-
trix N(s) is formed by postmultiplying the process matrix by
D(s).

Example 1. This is a 2X2 minimum phase process:

4 -2
G(S)= 10s+1 20s+1 (16)
3 -1
8s+1 12s+1
We choose D(s) to be
10s+1)(8s+1 0
D(s) = ( ) ) an
0 (20s+1)(12s+1)
4(8s+1 —2(12s5+1
N(s) = ( ) ( ). (18)
3(10s+1) —1(20s+1)

The K, matrix and the feedback matrix K(s) are given by
—20e;t  24€,t
a 96e; !

—90e;t
(480€; ' —480€, ' +16)s
+(40e;*—24€; )

Ksp (29)
K(s)=
(640€; ' +720€, ' —26)s
+(—80e; '+726; 1 1)
(—2.880€; '+2,880¢; '~ 72)s

+(—360€; 1+288¢; 1) (180€; ' —96¢; ' —1)

(20)

Processes with dead times

In this section we consider processes with delays, but with-
out any right half-plane transmission zeros. Consider the fol-
lowing 2 X 2 process with delays.

I(11 klZ

g~ 0us @~ 0128
T8 +1 T8+ 1
G(s)= K Kk (21)
o e~ 0as 2 g~ 028
TS +1 TS +1
Vol. 46, No. 8 1569
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We choose D(s) exactly the same way as we did for a mini-
mum phase process:

7118+ 1)(755+1 0
D(S)= ( 11 )( 21 ) . (22)
0 (1125 +1)(7,5+1)
Postmultiplying the process matrix, G(s), by D(s) gives
Ki(Tyrs+1)e" s Kky,(7,s+1)e 28
N(S)= k — 058 —0gs |~ (23)
a(Tys+1)e” 2% Ky(rps+1)e =
We define the states as
! 0
X1(9) B (T8 +1)(715+1)
X ()] 0 1
(T125+1) (155 +1)
uy(s)
X . (24
(Uz(s)) (24)

For this the controller form realization, which is the same as
for the minimum phase process, is given as

. —(T11+721) -1 0 0
) 1 T11T21 T11T21
Xy _ 1 0 0 0
X —(Tpt7 -1
X2 0 0 (T12+72)
X2 T127T22 T12T22
0 0 1 0
! 0
X T11T21
X u
x|+] © 0 ( ! ) . (25)
X 1 u,
0
X2 T12T22
0 0

To design the IMC controller for this process, first decom-
pose the process into a part to be inverted and a noninverted
part. Since there are no right half-plane transmission zeros,
we elect to invert as much of the process model as possible.
There are two choices depending on whether the smallest
delays are on diagonal or not.

Case 1. The smallest delays are on the diagonal or can be
arranged on the diagonal by row or column swapping, that is,

0,,<0, and 0,5, < 0y

or
01, <0y and

021 < 0,.

In this case, the smallest delays in response can be obtained
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by diagonal decoupling. Consider 6,, < 6,, and 6,, < 6,,. We
can decompose process G(s) as

g~ fus 0
G(s)=( 0 e_ezzs)

kll k12

738 +1 T8+ 1
1k K - (26)
2 e~ (021=032)8 22

TS +1 TS +1

e~ (01— 01p)s

Then we have K(s), according to Eqg. 7a, as

K511 0 (615+1) 0
K(S)=( op K )( 0 (e2s+1))

SP22

(eens ; )(k11(721s+1)90“s k12(7225+1)emzs)

0 %% || ky(rs+1)e 2% Kky(7,s+1)e 028
7.5+ 1)(75,S+1
_[(us+D(ras +D) o
0 (1125 +1)(7,5+1)

Let T, =(6,, — 64,) and T, =(0,, — 6,,). Multiplying terms
in Eq. 27 gives

KSPn 0
K(S):( 0 KSPzz

( Ky(Tor5+1)(€,5+1) k12(7-225+1)(els+1)eT15)

Koy (7135+1)(€,5+1)e T2 Kyp(71,5+1)(€,5+1)
7,48+ 1)(7,,5+1 0
(st (rst) @
0 (T125+1)(755+1)

Notice that diagonal elements of matrix K(s) are second-
order polynomials in s. The off-diagonal elements are also
second-order polynomials, though with delay elements. Here,
unlike the minimum phase process design, we can only re-
duce the diagonal elements to first order by making the coef-
ficients of s2 zero. However, the off-diagonal terms cause no
difficulties because we need only the past values of the sec-
ond derivative [that is, X(t — T;) and X(t —T,)], and these are
already available. The K, matrix for the earlier example is

Kep=HE™,
where
oy
Kqp q e O
H= . T and E= 0 &) (29)
k22
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To extend this procedure to any order process with delays,
simple form D(s) as a diagonal matrix of polynomials such
that each diagonal element, d;;, is the product of the denomi-
nators in column i of G(s). The matrix N(s) is formed by
postmultiplying the process matrix by D(s).

Case 2. The smallest delays are not on the diagonal. In
this case, diagonal decoupling does not give the fastest initial
response, and the general form of the IMC controller de-
pends on the kind of decoupling desired. Diagonal decou-
pling can be obtained by delaying one or more controls so
that the resulting process matrix can again be rearranged to
have the smallest dead times on the diagonal. Alternatively,
one can use triangular decoupling to get the fastest possible
initial response of the outputs within some rank ordering. We
defer a complete discussion of triangular decoupling to a fu-
ture article. The following example illustrates diagonal de-
coupling.

Example 2. This is Shell Oil’s heavy oil fractionator con-
trol problem (Prett and Morari, 1987). It has smallest delays
on the diagonal, and hence diagonal decoupling gives the
smallest possible delays in the output response:

405 177

27 —28s
505 +1 605 +1
6=\ 539 s | GO
505 + 1 605 + 1

The invertible part of the process is given by

4.05 177
e
50s+1  60s+1
C-(=| 53 572 | Y
e
50s+1 60s+1

We choose D(s) and N(s) as

D(s) (50s +1)° 0
S)=
0 (60s +1)°
4.05(50s+1)e"?s  1.77(60s +1)e ™28
N(S)= 5.39 —18s —14s |7 (32)
.39(50s +1)e 5.72(60s+1)e
« 12.34€t 0 2
P 0 10.49¢; * (33)

K(S)=( (2,500€; 1 ~50)s + (50€; 1 —1)

AIChE Journal

(2,827s% +(2,827¢, ' +56.5)s +56.5¢; ' )e *°

Notice the presence of delays in off-diagonal terms that make
it possible to feed back the past derivatives of the states.

Processes with right half-plane transmission zeros

For the processes with RHP transmission zeros, MSF im-
plementations of diagonal decoupling controllers is not possi-
ble using a constant matrix for K,,. The problem arises from
the fact that the IMC controller for diagonal decoupling con-
trol also has one or more implicit right half-plane transmis-
sion zeros, so the inverse of the IMC controller, which is re-
quired to compute the feedback matrix K(s) (cf. Eq. 7a), is
unstable. To see this, consider the process model that is fac-
tored as G(s)=G_(s) G_(s). G_(s) is a diagonal matrix
containing the smallest dead times in each row of G(s), while
G _(s) contains all right half-plane transmission zeros of G(s).
The diagonal decoupling IMC controller is adj(G _(s))/det*
(G _(s)), where det* (G_(s)) is the determinant of G_(s),
with the right half-plane transmission zeros replaced by their
mirror image about the imaginary axis. The inverse of
adj(G _(s)) is (G _(s))/det(G _(s)), which is unstable because
of the right half-plane transmission zeros in the determinant
of G_(s).

In the following section we discuss two methods of triangu-
larly decoupling processes with RHP zeros.

Triangular Decoupling

Procedure 1. This procedure is based on the triangular
decoupling procedure described by Morari and Zafiriou
(1989). They have suggested that when the process G(s) has
a single zero, 1/r, the noninvertible part G (s) can be writ-
ten in the form

G +(s)
1 0 0 0
0 1 0 0
= 0 .
:. ; " 0
Bis Bas Bn18  —7Ss+1
7s+1 75+1 75+1 7s+1

(3%

Notice that the noninvertible part G(s) carries the right
half-plane zero in the nnth element.

To find the unknown Bs, we can use the condition that the
individual elements in the feedback matrix have to be polyno-
mials. This procedure is illustrated in following example.

(1,3115% +(1,311e; " +22)5 +22€; H)e

34
(3,600¢;* —60)s +(60e; * —1) (34)
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Example 3. The process model is

1 2
s+1 3s+1
G(S)= 1 1 (36)
25+1 s+1

This process has the right half-plane zero at s = 0.39. Hence,
the noninvertible part is chosen as

1 0
G.(s)= Bs —2.56s+1 (37)
2.56s+1 2.56s +1

can therefore be partitioned as

G(s)=G.(5)G_(9), (41)
where G, (s) = a diagonal matrix containing the smallest dead
times in each row of G(s).

By the preceding factorization, G _(s) has no dead times
along its diagonal, and can be partitioned so that all of its
right half-plane zeros appear in the last output. To simplify
notation, we let

G_(s)=P(s). (42)
We now define the minimum phase outputs of P(s) as y(s)
and the nonminimum phase output as y,(s).

Now according to Eq. 7a, for the feedback matrix K(s) to be Y(8) = Pra(8)U(8) + Pun(5)Un(s) (43)
polynomial, G, (s)"*N(s) has to be a polynomial. Carrying Yn(8) = Pri(s)u(s) + prn(s)u,(s), (44)
out the required multiplication, we get
2s+1 2(2s+1)

G,(s) 'N(s)=| —Bs(2s+1)+(2.56s+1)(s+1) —2Bs(s+1)+(2565+1)(3s+1) (38)

—2.56s+1 —2.56s+1
To make individual elements in the matrix of Eq. 38 polyno-

where

mials, we have to insist that the numerators of the (2,1) and
(2,2) elements each have a zero at s = 0.39. From this condi-
tion we get

~ (256s+1)(s+1)

=4, (39)
s(2s+1) s 0239
and the noninvertible part becomes
1 0
G, (s)= 4s —2.56s+1 (40)
2.56s+1 2.56s+1

The preceding procedure requires that we invert G_ (s). This
inverse is relatively easy to obtain, because the matrix parti-
tions into a lower triangular matrix with (n—1)X(n—1)
identity matrix and a nonzero last row (cf. Eq. 35).

Procedure 2. This procedure is similar to that given ear-
lier in that it relies on the fact that all the RHP transmission
zeros of an n X n process matrix can be pushed to the least
important output, unless the same zeros are present in all the
minors of order (n—1)x(n—1). If the same zero does not
appear in all the minors, then some combination of outputs
and inputs exist for the (n —1) X (n —1) system, which will be
free of RHP zeros and the RHP zero will appear only in the
last remaining output. For further discussion, refer to Rosen-
brock (1974). The least important output is usually arranged
as the last output.

Let the nx n process G(s) have the smallest dead times
along the diagonal, and have multiple RHP transmission ze-
ros that can be pushed to the last output. The process model
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y(s) and u(s) are n—1 vectors;
y(s) and u,(s) are scalars;
P.i(s) is a (n —1)x(n —1) submatrix that does not have any
RHP transmission zeros;
P,, is a (n—1)Xx1 column vector;
P, is a 1xX(n—1) row vector;
P.n is the nnth element in P(s).
Let u(s) be the control that decouples the elements of y(s)
from each other and from u,(s). That is,

u(s) = Pi;"(8)(Fuu(s)(r = d) = P1a(8)uy(s)),  (45)

where F;(s) is a diagonal matrix of filter time constants.
Substituting Eq. 45 into Egs. 43 and 44 gives

y(s)=Fu(s)(r—d)

Yn(8) = Pra(8) Py () Fua(8)(r — dv)
+ [ Pan(3) = Pua() P (5) Pia(8)] Un(s).  (47)

(46)

The term [ p,(s)— Py ()P ()P, ()] in Eq. 47 contains all
of the right half-plane zeros of the original system, G(s). The
problem of deriving a model state-feedback controller for Eq.
41 can be viewed as (1) evaluating the term, [p,.(s)—
P..(s)P;}(s)P, ()] without actually computing P.;*(s); and
(2) finding a stable control law for u,(s) that gives a reason-
able response of y,(s) to its setpoint and disturbances.

We denote our approximation to the term [p,.(s)—
P(8)P; ()P, ()] as

hnn(s) = [ pnn(s) - Pnl(s) Pﬂl(s) Pln(s)] . (48)

AIChE Journal



Let

Qnn(s) = the stable IMC lead/lag controller that we form by
inverting part of h,.(s)

f,,(s) = the filter associated with q,,(s).

From this, u,(s) is chosen as

Un(s)

= Qun(9)[ (10— d7) = Fr(8) Pra(5) P (8) Fua(s)(r — d)].

(49)
Substituting Eq. 49 into Eq. 47, gives
Yn(8) = Pra(8) Py ()(1 = Nyn(5) Ann(8) Fo (5))
X Fll(s)(r - d) + hnn(s)qnn(s)(rn - avn) (50)

The “predicted” outputs y(s) and y,(s) from Eq. 46 and 50
can be rewritten in the form:

[y _ ! 0
Y= o) ] T\ PuPil = hon)  hond,

Fu 0 f 9~
0 f,, —d,
where g*.(s)=q,.,(s)f;1(s). That is, .(s) does not contain
the filter, and is, in general an improper transfer function.
From P_(s) we can compute the invertible part of P(s),
P_(s), which is

=P, (s)F(s)(r—d), (51)

Pll Pln
P = Pon— P PP 52
h (S) Pt w + Py Pﬂlpln ( a)
Pnnd
nn*nn
Applying the approximation given by Eq. 48 yields:
I:)11 I:>1n
P_(s)= 1 52b
( ) Pt (T_l_pnn_hnn) ( )
Unn

We are now in a position to implement the model state feed-
back using Eq. 52b as P_(s). In this case, the actual response
of the system will only approximate that given by Eq. 51.
Example 4. In this example, we elect to evaluate the term
[ Prn(S)— Py(9)P1(s)P,(s)] by approximating P;;(s) as a
matrix containing only first-order lead terms of the form:
[P(9)] i = kij(mjs+1), (53)
where «;; = (P;;*(0));;, 7/k;; = ((Py4(s));;8"]_..) "4 and r; is
the order of the jjth element of the diagonal IMC filter. Note
that from Eg. 6, the 7;; can also be obtained by postmultiply-
ing Quuc(*) or Ky, by a diagonal matrix (ei).
The motivation for the approximation given by Eq. 53 is
that (1) an IMC controller formed from Eq. 53 and a diago-

AIChE Journal August 2000

nal filter of first-order lags captures both the initial and final
time-domain behavior of a step input to P;;*(s)F(s); and (2)
the resulting control law can be relatively easily implemented
by the model state feedback. To illustrate, consider the fol-
lowing 33 process, which has an RHP zero at s=0.39:

1 2 1
s+1 3s+1 s+1
G ! 4 54
S =
) 4s+1 s+1 3s+1 (54)
1 1 1
2s+1 s+1 2s+1
1 2 1
s+1 3s+1 s+1
G11(8)= 3 -1 Gln(s)= —4 (55)
4s+1 s+1 3s+1
G 1 1 1 56
M\ 2s41s+1) 9T 2541 (56)
To estimate G3;'(s) from Eq. 53, we note that
11 2
10y = —
Gll (O) 7(3 _1)
4/9
T/K)ll ( _2/3) (57)
Therefore
14 14
(—s+1) 2(—s+1)
. 11\ 3 9
Gn (5):7 (58)

7
3(—s+
6

) -2

Using this approximation for G;;*(s), the nnth term in G(s)
will be

(gnn(s) - Gnl(s)Gl_ll(s)Gln(S))
_ (—244s+1)(2.2s+1)

= =h_(s). (59
(Bs+1)(2s+1)(s+1) (). (59)
Let
(3s+1)(2s+1)(s+1)
Gan(s) = : (60)
(2.44s+1)(2.2s+1)
Substituting Eqgs. 59 and 60 into Eq. 52b, gives
1 2 1
s+1 3s+1 s+1
3 -1 -4
G-~ 2511 511 3s+1 - (61)
1 1 (6.85+1)
2s+1  s+1  (3s+1)(s+1)
Vol. 46, No. 8 1573



0.5

Output

0 10 20 30
Time

Figure 2. Response of the system with triangular de-
coupling.

The model state-feedback controller can be calculated using
the preceding approximation to G_(s) in Eq. 7a. Figure 2
shows the response of the system for a setpoint change of 1
in all variables, and €, = €, = €5 = 2. As expected, y, and y,
are decoupled and follow their filter responses. The RHP zero
is pushed to the least important variable, y..

Tuning for Stability and Performance in the
Presence of Control Effort Limits

In this section we present a method for setting lower bounds
on the IMC filter time constants that assure good perfor-
mance of a model state-feedback control system for perfect
models in spite of control effort constraints. Limited numeri-
cal results for several systems indicate that these lower bounds
are somewhat larger than the bounds obtained by limiting
the noise amplification of the channels of the IMC controller
to less than 20. However, the computed lower bounds are
usually a good deal smaller than the filter time constants re-
quired to give good performance for uncertain processes
(Stryczek and Brosilow, 1996).

The tuning algorithm

1. Initialization: Transform all the lower bounds on control
effort to zero, set the upper bound to infinity, and assign
arbitrary positive values to all filter time constants.

6000
4000
u 2000 {
0 |
T
/
-2000
0 1 2 3

Time
Figure 3. Heat exchanger control effort for € = 0.2c

2. Starting at steady state with all controls at zero, make an
arbitrary positive step change in a process variable. Adjust
the filter constant associated with that variable so that all
computed control efforts are equal to or greater than zero
for their entire trajectories.

3. Repeat step 2 for all process variables.

Discussion

Transforming all control effort lower bounds to zero is
convenient for the developments in the Appendix, but is not
actually necessary. What is important is that the tuning start
at a steady state. The control effort lower bounds can be
temporarily set at the steady-state values of the controls. Set-
ting the upper (lower) bounds to infinity (—infinity) is also
not necessary provided that the setpoint changes are small
enough that the control effort upper (lower) bounds are not
encountered. The idea is that we wish to drive the process as
hard as possible in the positive (negative) direction so as to
find the smallest filter time constant so that none of the com-
puted controls will exceed their lower (upper) bounds. In the
Appendix we show that the controls computed by an IMC
controller tuned as earlier will never exceed their lower (up-
per) bounds for arbitrary, and simultaneous, changes in all
process variables.

The preceding tuning procedure does not prevent controls
from hitting their upper (lower) bounds. The question then is

0 20 60

Time
Control effort u

=
IA
[

sl

TAVAVAY

T

0 20 60

Tite
Output y

Figure 4. Instability due to control effort saturation.
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Figure 5. Overshoot in the output due to control effort saturation.

how the control system will behave when such bounds are
encountered. Qualitatively we argue that encountering upper
(lower) bounds simply slows the control system down because
of the method we use to bring the controls back into the
constraint set. At any instant when constraints are encoun-
tered, the filter time constants are increased according to pri-
orities set by the engineer (such as increase the filter time
constants in inverse order of the importance of the associate
process variable) to bring all the controls into the constraint
set. Apply the controls so calculated and reset the filter time
constants to their original values before computing the con-
trols to be computed for the next instant. What we attempt
to ensure by the preceding tuning algorithm is that there will
always exist a set of filter time constants, larger than the
nominal (that is, preset) filter time constants, that will bring
the controls into the constraint set. Unfortunately, we have,
as yet, been unable to prove that we can always find the de-
sired filter time constants. However, numerical experience
with a number of different types of SISO and MIMO pro-
cesses, as given below, indicates that the tuning algorithm
does indeed provide good performance in spite of con-
straints.
Example 5.

cess is given as

Here we consider an SISO system. The pro-

~ 5.64
P= (85s+1)(3.1s+1)(1.7s+1)(1.45+1)

(62)

For the filter constant of € = 0.2, the control effort is as
shown in Figure 3.

If there are constraints on control effort 0 < u <1, the sys-
tem is unstable and limits cycles as shown in Figure 4.

For the filter constant of e =1, the system is stable, but
the output shows some overshoot, as can be seen in Figure 5.

Carrying out the tuning procedure described earlier, the
filter time constant obtained is 1.3. Figure 6 shows the con-
trol effort and the response of the tuned system.

The preceding tuning procedure gives us the fastest re-
sponse possible without having to worry about stability with
the given constraints on manipulated variables. If the initial
jump in controller output shown in Figures 5 and 6 causes
problems in operator acceptance of the MMSF control sys-
tem, the jump can be removed by filtering step setpoint
changes through a first-order lag. However, such a lag cannot
be used when tuning the control system, as described in the
fifth section.

Example 6. Here we consider the process that has stable
zeros very near the imaginary axis:

s240.001s+1
(s+1)*

p(s)

(63)

As an extreme test of the tuning algorithm, we choose the
controller, q(s), given by Eq. 64 as the inverse of the process
multiplied with the filter. Since the numerator of Eq. 63 has
zeros very near the imaginary axis, such a choice will result in
a very oscillatory control effort, as can be seen from Figure 7.
Since such oscillations are generally unacceptable, we will

1.5
1 1
05 ||
u 0 \\ p——
-0.5
-1
0 5 _. 10 15
Time

L5
|
11 I
Y | ]
05 | ////
| A
| // |
0 | i
0 5 10 15

Time

Figure 6. Response of the tuned system with control effort saturation; € = 1.3.
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Figure 7. Response of the tuned system with e = 1.75.
provide a more reasonable design presently: (s +1)4
q(s) = 7 (65)
(es+1)

(s+1)*
(s?+0.001s +1)(es+1)*

q(s) = (64)

Let the lower bound on the control effort be 0, with no upper
bound. Applying the tuning procedure gives € = 1.75. Figure
7 shows the control effort and the output obtained for a per-
fect model.

While the control effort is quite oscillatory, as might be
expected for a controller with a damping ratio of 0.0005, the
system is stable, and the control effort does settle in 10,000
time units.

The response of the system with the same filter constant
and an upper bound of 1.2 on the control effort is shown in
Figure 8. Notice that the control effort never hits the lower
bound and the process remains stable.

To avoid oscillating control effort, zeros near the imagi-
nary axis should not be inverted. Instead, we suggest using
the damping ratio near 0.5 in the controller. That is, we sug-
gest using a controller of the form:

A maximum noise amplification factor of 20 for the preced-
ing controller requires a filter time constant of 0.473 or
greater. Tuning the controller for saturation yields a filter
time constant of 0.5. As can be seen from Figure 9, the con-
trol effort from Eq. 65 does not oscillate, and the output re-
sponse is faster than that in Figure 7, but does not approach
one monotonically.

Figure 10 shows the control system response when the up-
per bound is the same as that for Figure 8 (that is, 1.2).

Example 7. This is a 2 X2 process with constraints on the
control efforts:

-1 3
2485 +11.1s+1 252 +3s+1
G(S)= 1 -1 (65)
1252 +7s+1 2.8s52+3.1s+1

0<uy,u, <10.

3
19
25 1
2 /
15 0.8 7
] I N\ N\ s . ;
3 N7 N go
€ 05 . ©
s 7 0.4—
0 i
02~
-0.5 a7
'10 5 10 15 20 25 30 35 40 00 5 10 15 20 25 30 35 40
Time Time

Figure 8. Response of the tuned system with e = 1.75 and upper bound of 1.2 on the control effort.
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Figure 10. Response of the tuned system with € = 0.5 and upper bound of 1.2 on the control effort.

Using the tuning procedure, we first make a step change in
setpoint r; and no change in setpoint r, (that is, we make a
step change in direction [1, 0]). Using an arbitrary value for
€,, €; is adjusted so that u, and u, are at or above zero for
the entire response. For the given example, such a filter con-

\ul r=[1 0]

t

\ £=[0.53 #]

—
(=3

Control Effort, U

(=]

0 2 4 6 8
Time
Figure 11. Tuning filter-constant ;.
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stant is e; = 0.53. The control effort responses are shown in
Figure 11. Similarly, we find e, = 0.695, and the control ef-
forts for this tuning are shown in Figure 12. Once the filter
constants are tuned, the control efforts for step change in any
direction will never hit the constraint at zero. This is illus-
trated in Figure 13.

Figure 14 shows the control effort and output response of
the system for the step change of [1, 1], with both the upper
and lower bound constraints. Both filter time constants are
temporarily increased proportionately when the controls sat-
urate, as in the initial part of the responses shown in Figure
14.

Accommodating Loss of Controls and Tuning One
Process Variable at a Time

From the model state-feedback diagram of Figure 1, the
control effort vector can be written as
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Figure 12. Tuning for filter-constant e,.

u(t) = Kep[r — d(t)] — Kx(t—T) (66)

Where K and Ksp are constant matrices; x(t —T) is the en-
tire state vector of the model; T is a vector of qlglays, some of
whose elements are zero (cf. Eqgs. 28 or 34); d(t) is the cur-
rent vector of disturbance estimates; and r is the vector of
setpoints. ~

At any instant, the vectors d(t) and x(t —T) are invariant
with respect to instantaneous changes in the control vector,

u(t). Therefore, we can force the control vector to take on
any values we wish at any instant simple by changing the set-
point vector, r. To illustrate, assume that control effort one
[that is, u;(1)] has failed at some fixed value, U,. If the first
row of Ksp has no zero elements, then we can choose to
adjust the setpoint of any output to force u,(t) to assume a
value of T,. If the outputs are ordered according to their
importance, the first being the most important, then we can
elect to allow the nth output to deviate from its actual set-
point, and change r,, to force u,(t) to take on a value of T, at
every instant. All of the other controls will, of course, also
change so as to maintain outputs one through n—1 at their
setpoints. Using the same approach, we can force any num-
ber of controls to fixed values. Boyce and Brosilow (1996)
successfully apply the foregoing approach to some simple
multivariable processes.

The ability to place any number of controls into manual
operation can be used to tune the control system on-line, one
process variable at a time. We note, however, that as with all
on-line tuning methods, the method that we are about to de-
scribe is only valid at the current process operating point. For
tuning over the entire operating range, we recommend *“off-
line” tuning using model uncertainty descriptions and H.,
methods (Stryczek and Brosilow, 1996; Zhou and Doyle,

I‘=[11] 8=[0.53 0695] r=[21]

40 60
= 30 =
g' K g 40
£ 2 &
o ut - ut
E 0 g 20
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01—~ e 0 = e N R
0 2 4 6 8 0 2 4 6 3
Time Time

Figure 13. Control effort for the tuned system for step changes of different directions and magnitudes.
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Figure 14. Control effort and output for the tuned system for step change of [1, 1] and both upper and lower con-

straints active.
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1998). Let us assume again that the outputs are ordered ac-
cording to their importance, the first being the most impor-
tant, and that we have designed our control system for de-
coupled control. Of course, modeling errors will introduce
some coupling. To initialize the procedure, choose nominal
values for all filter time constants. Next, choose any control
effort for the first output so that the square submatrix of K,
relating the remaining n—1 controls to the remaining n—1
setpoints is nonsingular. For Example 1, either control effort
may be chosen, while for Example 2, only control effort 1 is
allowable. Continuously adjust the setpoints r,, ..., r, so that
controls u,, ..., u, maintain the desired fixed values. Adjust
the filter time constant associated with the first output (that
is, €;) to obtain a desirable setpoint response. Next, select a
control effort for output 2 so that the resulting n—2Xn—2
submatrix of K, is nonsingular. Adjust €, to obtain a desir-
able setpoint response for the second output. Increase the
value for e, so obtained if a setpoint change in output 2 causes
too great an affect on output 1. Continue in this manner until
all controls are active. Notice that no relative gain-type con-
siderations are required, or relevant. This is because, from
the point of view of the algorithm, all controls are always
active. We have simply “fooled” the algorithm into calculat-
ing constant values for some control efforts.

The preceding tuning method is but one of many possible
on-line tuning methods. It was presented solely to demon-
strate the flexibility of the multivariable model state-feed-
back algorithm.

Conclusions

We have presented a model state-feedback algorithm for
multivariable processes with control effort constraints where
the control objective is either (1) total decoupling for pro-
cesses with no right half-plane zeros, or (2) total decoupling
for all but one process variable when the process has right
half-plane zeros that can be reflected into a single output.
The algorithm is easy to implement, even for large numbers
of controls and outputs, and yields excellent performance, as
judged from the behavior of the example processes. It accom-
modates loss of controls and permits on-line tuning, one pro-
cess variable at a time.
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Appendix

In this Appendix we show that the controls computed by
an IMC controller tuned as suggested in the fourth section
will never exceed their lower (upper) bounds for arbitrary,
and simultaneous, changes in all process variables. We first
show that if the control effort of an SISO IMC control sys-
tem is greater than zero for some positive setpoint change,
then it is greater or equal to zero for any positive setpoint
change. We next show that in an MIMO IMC control system
we can adjust the IMC filter time constants one at a time to
guarantee that no control effort goes below zero for any com-
bination of setpoint changes.

Without loss of generality, we assume that the lower bounds
of all control efforts are zero.

Consider a linear SISO process in a state-space represen-
tation:

X= Ax+ Bu

y = Cx.
The model state-feedback control effort is given as

U= — Kx+ Kgpr r>0,

where x represents the process states, u is the control effort,
y is the system output, and r is the amount of a step setpoint
change. Solving for the time domain control, u(t), in the pre-
ceding system, gives

u(t)=[(— K(BK = A) B +1)K,,

+ Kexp (—(BK — A)t)((BK — A) 'BK,)|r. (A1)

Therefore if the minimum of u is greater than or equal to
zero for some arbitrary positive r, then the minimum is
greater than or equal to zero for any positive r.

We now show that in decoupled multivariable systems, a
setpoint change in process variable i affects the control ef-
forts only through filter constant i, and hence tuning of the
filter constants can be done independent of one another.
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Consider the multivariable process

911 Y12 O1n
G(s)= 9.21
gnl gnn

f, 0 0

f :

F(s)= L ;
0 o f,

Let I;; represent the iith term in the invertible part
G_((s)~ L Then the controller is given as

Ill f1 I21 f2 Inl fn

|21 1 I22 f2 In2 fn
Q(s) = :

Inlfl |n2 fz Inn fn

Now a setpoint change in the ith output picks up only the ith
column, which is a function of filter f; only. Therefore, we
can one by one adjust the response of each term to be equal
to or greater than zero. That is,

I fy I, f5 Iy fo
I f I, f I, f

Lt 2t r,>0, L1 2 r,>0,..., L1 e rh,>0,
Inlfl In2f2 Innfn

where L~! indicates inverse Laplace transform. Therefore
the control effort for any arbitrary step setpoint change is
given by

VR PN PYR PRERPPRI P S N1
I, f I, f AU B |

u(ty=L-Hf =t oo >0. (A2)
Inlfl |n2fz Innfn rn
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